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In the light of some recent hypotheses suggesting plausible unification of thermo- 
statistics where Fermi-Dirac, Bose-Einstein and Tsallis statistics become its special 
subsets, we consider further plausible extension to include non-integer Hausdorff 
dimension, which becomes realization of fractal entropy concept. In the subsequent 
section, we also discuss plausible extension of this unified statistics to include 
anisotropic effect by using quaternion oscillator, which may be observed in the 
context of Cosmic Microwave Background Radiation. Further observation is of course 
recommended in order to refute or verify this proposition. 



1 Introduction 

In recent years, there have been some hypotheses suggesting 
that the spectrum and statistics of Cosmic Microwave Back- 
ground Radiation has a kind of scale invariant character [1], 
which may be related to non-integer Hausdorff dimension. 
Interestingly, in this regard there is also proposition some- 
time ago suggesting that Cantorian spacetime may have deep 
link with Bose condensate with non-integer Hausdorff dim- 
ension [2], All of these seem to indicate that it is worth to 
investigate further the non-integer dimension effect of Bose- 
Einstein statistics, which in turn may be related to Cosmic 
Microwave Background Radiation spectrum. 

In the meantime, some authors also consider a plausible 
generalization of known statistics, i.e. Fermi-Dirac, Bose- 
Einstein, and Tsallis statistics, to become more unified stat- 
istics [3, 4], This attempt can be considered as one step for- 
ward from what is already known, i.e. to consider anyons as 
a generalization of bosons and fermions in two-dimensional 
systems [5, p. 2] Furthermore, it is known that superfluidity 
phenomena can also be observed in Fermi liquid [6]. 

First we will review the existing procedure to generalize 
Fermi-Dirac, Bose-Einstein, and Tsallis statistics, to become 
more unified statistics [3, 4]. And then we explore its plau- 
sible generalization to include fractality of Tsallis’ non- 
extensive entropy parameter. 

In the subsequent section, we also discuss plausible ex- 
tension of this proposed unified statistics to include aniso- 
tropic effect, which may be observed in the context of Cos- 
mic Microwave Background Radiation. In particular we con- 
sider possibility to introduce quatemionic momentum. To 
our knowledge this proposition has never been considered 
before elsewhere. 

Further observation is of course recommended in order 
to verify or refute the propositions outlined herein. 



2 Unified statistics including Fermi-Dirac, Bose- 
Einstein, and Tsallis statistics 



In this section we consider a different theoretical framework 
to generalize Fermi-Dirac and Bose-Einstein statistics, from 
conventional method using anyons, [5] in particular because 
this conventional method cannot be generalized further to 
include Tsallis statistics which has attracted some attention 
in recent years. 

First we write down the standard expression of Bose 
distribution [9, p. 7]: 

n{£i)= V-— 1 rv (1) 
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where the harmonic energy levels are given by [9, p. 7]: 

e z = (n x + n y + n z + Tioj 0 . (2) 



When we assume that bosons and fermions are p-ons 
obeying fractional exclusion statistics, then we get a very 
different picture. In accordance with [3], we consider the 
spectrum of fractal dimension (also called generalized Renyi 
dimension [11]): 
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(therefore the spectrum of fractal dimension is equivalent 
with Hausdorff dimension of the set A [11]). 

Then the relation between the entropy and the spectrum 
of fractal dimension is given by: [3] 



S q = -K b lim In 6 D q , (4) 
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where Kb is the Boltzmann constant. 

The spectrum of fractal dimension may be expressed in 
terms of p: 



V. Christianto and F. Smarandache. A Note on Unified Statistics Including Fermi-Dirac, Bose-Einstein, and Tsallis Statistics 



61 




